This paper deals with violent discontinuities in shallow water flows with large Froude number F. On a horizontal base, the paradigm problem is that of the impact of two fluid layers in situations where the flow can be modelled as two smooth regions joined by a singularity in the flow field. Within the framework of shallow water theory, we show that, over a certain time-scale, this discontinuity may be described by a delta shock, which is a weak solution of the underlying conservation laws in which the depth and mass and momentum fluxes have both delta function and step function components. We also make some conjectures about how this model evolves from the traditional model for jet impacts in which a spout is emitted. For flows on a sloping base, we show that for flow with an aspect ratio of O(F −2 ) on a base with an O(1) or larger slope, the governing equations admit a new type of discontinuous solution that is also modelled as a delta shock. The physical manifestation of this discontinuity is a small 'tube' of fluid bounding the flow. The delta-shock conditions for this flow are derived and solved for a point source on an inclined plane. This latter delta-shock framework also sheds light on the evolution of the layer impact on a horizontal base.
Introduction
Inviscid, irrotational 1D shallow water flow on a horizontal base is so well studied that it is often used as a paradigm for the theory of hyperbolic systems of partial differential equations. A theoretical difficulty can, however, arise for large Froude number F = U/ √ gh, where U is a typical velocity and h a typical depth. In the 'hypercritical' limit F → ∞, the underlying hyperbolic system becomes degenerate in the sense that its characteristics coincide, even though they remain real.
From a practical point of view, the typical scenario for discontinuous shallow water flows is that of regions of smooth flow separated by bores, or hydraulic jumps, at which Rankine-Hugoniot conditions for the conservation of mass and momentum (but not energy) are applied. However, this model usually assumes implicitly that F = O(1). What can happen when F 1 is typified by two well-known problems for the shallow water model ∂η ∂t + ∂(uη) ∂ x = 0, (1.1) 2) where the depth η(x, t) and horizontal velocity u(x, t) have been made dimensionless with h and U , respectively, the horizontal distance x has been made dimensionless with some wavelength L h and t with L/U .
The first problem we consider is the piston problem in which the fluid is initially at rest with η = 1 in x > 0 and u = 1 at x = t for t > 0. The resulting flow consists of two uniform regions separated by a discontinuity at x = x b (t) where [ ] + − denotes the difference between the flow ahead of and behind the shock. We find from the explicit solution of (1.1-1.3) that the depth behind the shock η b satisfies
2 ) + 1 = 0 (1.4) and, as F → ∞, the fluid between the piston and the bore has a depth of √ 2F and horizontal extent t/( √ 2F). This situation is reminiscent of shock layers in hypersonic flow (Hayes & Probstein, 1966) . The second problem we consider is the Riemann problem in which two liquid layers moving towards each other, in x ≶ 0, respectively, impact at x = t = 0. In particular, for two equal and opposite layers of unit depth and speed, using (1.3) for shocks at x = ±V t, we find that, in |x| < V t, the velocity is zero and the depth is again √ 2F, while V ∼ 1/( √ 2F) as F → ∞. For more general asymmetric Riemann problems, we will get the scenario of Fig. 1(a) , where the speed of the water in the column is of O(1).
For either of these problems, it is natural to contrast the predictions of the shallow water model with those of the 2D theory of free-surface flows in the absence of gravity; these are only at all easy to analyse in the case of steady motion in some reference frame. The study of such flows suggests that in the fully 2D version of the second problem above, the initial collision of the fluid region produces a jet or 'spout' in which fluid moves upwards with significant vertical velocity. Figure 1(b) illustrates the resulting configuration for the second problem above after a sufficient time has elapsed for the flow to The impact of the jet sets up a thin-layer flow on the surface which can be idealized as being generated by a point source on the plane. The flow is bounded by a small tube of fluid, which can be distinguished in the photograph as the dark curve. (Photograph, and digital enhancement to bring out the mass tube, by Tom R. Laman.) be steady in a frame moving with the spout. As discussed in, say, Birkhoff & Zarantonello (1957) and Milne-Thomson (1949) , fluid is lost to the spout, which eventually develops into a ballistic trajectory in an inertial frame; we return to the case of symmetric impact, with a vertical spout, below.
One objective in this paper is to try to reconcile these two scenarios and we will begin this in Section 2, where we restrict ourselves to considering flow on a horizontal base. However, the shallow water model with F = 1 may also be used to describe the flow of a thin layer over a gently sloping base, provided that the slope is small enough; a famous example is that of flow on a sloping beach as described in Carrier & Greenspan (1958) . When the base slope is of order unity, then, as long as F 1, the fluid will flow uphill at least for some distance. Taking this distance as our length scale, we will see in Section 3 that the aspect ratio of the flow δ is such that δ ∼ O(F −2 ). Moreover, the flow is described by the constancy of pressure and Bernoulli's equation and hence the in-plane momentum equation does not involve the layer depth, which is derived subsequently from conservation of mass. Hence, such uphill flows can be modelled by uncoupled hyperbolic differential equations (Rienstra, 1996) . However, it is an everyday observation that when these flows are steady and 3D they cannot survive over long distances and that they eventually fall back in the form of a concentrated 'mass tube' located near an unknown curve on the substrate (see Fig. 2a ). Thus, the second aim of this paper is to present a theory of such mass tubes viewed as free boundaries for the equations of uphill hypercritical flow, and we will find that this theory will also shed new light on the layer impact problem on a horizontal base.
Flows on a horizontal base

Delta shocks
The two problems described in Section 1 suggest that for a hyperbolic system such as (1.1) and (1.2), which is degenerate as F → ∞, we can generalize the concept of a weak solution beyond that of one in which u and η are smooth except for jump discontinuities at which (1.3) are satisfied. The solutions of these problems suggest that hypercritical flows might be modelled as solutions of the uncoupled 4 of 21
degenerate system obtained by letting F → ∞ in (1.1) and (1.2). These equations can be written in conservation form as
as long as we allow u and η to have delta-function behaviour as well as jumps at their singularities. Such a delta-shock theory has been developed rigorously in Bouchut (1994) , Keyfitz (1999) , Li (2001) , Li et al. (1998) and Yang (1999) , and here we will only be concerned with the practicalities of the theory which can be described using ad hoc expansions for the variables. In particular, we avoid the technicalities of the precise definition of products of distributions. We also note that an effective computational algorithm for (2.1) has been proposed in LeVeque (2004) that is capable of predicting profiles such as that shown schematically in Fig. 1(a) . Assuming a delta shock at x = x s (t), we write
and
where δ(•) and H(•) are the delta and Heaviside functions, respectively. Since the degenerate shallow water system (2.1) is easily solved by the method of characteristics, the functions u l,r and η l,r are assumed to be known continuous solutions of (2.1) in x < x s (t) and x > x s (t), respectively; we will shortly give an a posteriori justification of this assumption for a specific flow configuration. The functions η s (t), M s (t), E s (t) and x s (t) are unknown, and the first three quantities can be interpreted as the amount of mass that has been absorbed into the delta shock at time t, the momentum of this mass η s (t) when transported at speedẋ s (t) and twice the kinetic energy of this absorbed mass, respectively. Substituting (2.2-2.4) into the governing equations (2.1) then gives, to lowest order as F → ∞,
Equating coefficients of δ and δ in (2.5-2.6), we obtain the delta-shock conditions
where, as before, u ± and η ± are the values of u r,l and η r,l evaluated on either side of the discontinuity. To find the delta-shock position x s (t), we must now solve the 4D system of differential equations (2.7-2.10) along with the field equations instead of the traditional Rankine-Hugoniot shock conditions (1.3). In order to give further confidence that (2.1) and (2.7-2.10) provide the correct scenario within which to solve the hypercritical shallow water equations, let us consider the solution of a smooth initial-value problem for η and u rather than the initially discontinuous problems of Section 1. Suppose that
(2.11)
Then, the solution for u is, for 0 t < 1,
This is the leading-order term in a regular expansion of (1.2) for F 1. From (1.1),
and both ∂u/∂ x and η first become infinite as t ↑ 1 at s = π/2 and x = 1 + π/2. In the absence of any jump discontinuities, the solutions (2.12) and (2.13) are as shown in Fig. 3 . Moreover, it is impossible to find a traditional weak formulation for t > 1 in which u and η each have a single jump discontinuity.
We can also note that in the region near t = 1, x = 1 + π/2 and in particular |s − π/2| = O( ) for some 1, we can set
(2.14)
and focus on a region close to the characteristic x = t + π/2 by writing 6 of 21
When we substitute these scalings, the original system (1.1), (1.2) becomes
Hence by choosing = F −1/2 , we return to the full shallow water model no matter how large F is. From (2.12) and (2.13), suitable matching conditions as τ → −∞ arê
where ζ satisfies the equation
Hence,
A better appreciation of this scenario is gained by comparison with accurate computation of the solution of (1.1) and (1.2) subject to (2.11) for F = 30. These calculations, kindly performed by P. J. Dellar, are shown in Fig. 4 . They clearly reveal the emergence of a liquid column bounded by two closely-spaced shocks, giving us confidence that we are witnessing the birth of what would become a delta shock in the limit as F → ∞. For finite F, the shallow water equations (1.1) and (1.2) remain non-degenerate as a hyperbolic system and the numerical solutions were obtained using finitevolume techniques for hyperbolic systems, the local Lax-Friedrichs or Rusanov (1961) scheme and its second-order extension by Kurganov & Tadmor (2000) . Neither scheme requires the solution of the Riemann problem, only the determination of the fluxes as functions of the conserved variables η and FIG. 4 . The solution of (1.1) and (1.2) subject to (2.11). (Figure provided by P. J. Dellar.) (a) The velocity profile u at t = 0.4 (dotted line), t = 1 (dashed line) and t = 2 (solid line). (b) The depth η at t = 0.4 (dotted line), t = 1 (dashed line) and t = 2 (solid line); the maximum depth attained by the flow at t = 1 is 36.5.
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ηu, and a bound on the maximum wave speed, taken as |u| + √ η/F. Both schemes lead to systems of ordinary differential equations for cell-averaged quantities that were integrated in time using the second-order, total variation-diminishing, Runge-Kutta method of Shu & Osher (1989) . The secondorder extension gave no noticeable improvement for the very fine grid of 16,384 points used in these computations.
We must add that, as shown in Chen & Liu (2003) and Yang (1999) , it is necessary to impose an additional selection criterion in order to determine the shock speed uniquely from the delta-shock conditions, just as for traditional Rankine-Hugoniot shocks. We may either invoke causality, which requires that there are no outgoing characteristics, or require that energy is lost, which can be shown to be equivalent to the assertion that the 'mass' of the delta shock η s (t) increases with time. For (2.1), the fact that all the characteristics are incoming has the added effect of decoupling the field equations from the shock conditions (2.7-2.10).
Discontinuities with loss of mass and momentum
As mentioned in Section 1, the traditional model for the zero-gravity impact of two jets of liquid is as depicted in Fig. 1(b) . This flow is described by the full Euler equations, including the velocity in the vertical direction, z, with F = ∞ as compared with the shallow water model in which the time-scale is long enough for the vertical velocity term to be of lower order than the hydrostatic term F −2 ∂η/∂ x (see (1.2)). In a frame of reference moving with the spout root, the flow is a steady Helmholtz flow. Hence, we can use conservation of mass and momentum, and the Bernoulli condition on the free streamlines, to find the spout root position x sp (t), spout inclination β (measured from the positive x-axis in the moving frame), spout thickness η sp and the velocity along the spout U sp as
21)
where, as before, u ± and η ± are the values of the outer flow on either side of the spout. Even when the outer flow is unsteady on the time-scale of L/U where L h, in a frame of reference moving with the spout, the local flow is steady to lowest order and so (2.21-2.23) still determine the spout geometry as in Fig. 1(b) .
This leads us to consider an alternative approach to modelling a singularity through which mass and momentum as well as energy are lost into the z-dimension. We will do this in the spirit of the theory of weak solutions of the outer conservation laws. Indeed, in Yarin & Weiss (1995) , the concept of a 'kinematic discontinuity' was introduced as a model for a splash crown formed by a droplet impact, which locally has the structure of a spout. This kinematic discontinuity is described by introducing sinks into the conservation laws so as to model a spout in which both mass and momentum are lost.
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Thus, the flow is modelled by 26) where M loss , E loss and the spout location x sp are unknown functions of time.
Integrating (2.25) and (2.26) across the discontinuity gives that 28) and the obvious way to close the system is to assume that the discontinuity structure is a spout with dx sp /dt being determined by (2.21). A consequence of this assumption is that, relative to an inertial frame, the mass and momentum conditions for the spout flow of Fig. 1 (b) are, from (2.21-2.24),
Hence, for this particular model, M loss = U sp η sp and E loss − M loss dx sp /dt = U 2 sp η sp cos β, which implies that 31) say, where V is the horizontal velocity in the spout in the inertial frame. The relation (2.31) was proposed by Yarin & Weiss (1995) . The descriptions (2.27) and (2.28) can be generalized to more general impacts. For example, if two unequal layers impact and generate a vortex sheet within the jet, as in Curtis & Kelly (1994) , the total heads on either side will differ by H 0 (t), and then we simply replace (2.21) by
Examples
Although the two theories described in Sections 2.1 and 2.2 lead to models that are different mathematically, their predictions are often very similar. Suppose that we return to the symmetric problem of the impact of two equal layers of unit depth moving with velocity ±1. The delta-shock prediction from (2.7-2.10) with η s = M s = E s = 0 at t = 0 is that and the spout flux is U sp η sp = 2 corresponding to a mass growth of 1 2t. Asymmetric impact is less easy to analyse but as an example 2 we will consider the impact of a layer in which u(0, t) = 1/(1 − t) and η(0, t) = 1 − t on stationary fluid with η = 1 in x > 0 at t = 0. The solution of (2.1) is, for 0 < t < 1,
except near x = X (t), which separates the moving and quiescent fluid layers. When we assume the delta-shock relations (2.7-2.10), we find that the coefficient of the mass delta function η s (t) and the position of the shock X (t) = x s (t) are
where A and C are constants. The initial conditions for the delta shock are η s (0) = 0 and x s (0) = 0, (2.39) which gives C = 1 and, provided the shock velocity is bounded as t ↓ 0, A = 1. We eliminate η s from (2.37) and (2.38) and integrate to give
By choosing the solution for x s (t) that satisfies the causality conditions, this leads to a unique positive solution for x s (t) and hence for η s (t), which increases with time for 0 < t < 1. On the other hand, for a discontinuity with loss and no vortex sheet, the position X (t) = x sp is given by (2.21) as
The numerical solution of (2.40) is plotted in Fig. 5 , alongside the spout root position as given by (2.41). For small times, the two solutions only differ by O(t 3 ), but as mass accumulates in the delta shock and η s (t) increases, the delta shock gains inertia and lags behind the spout, through which mass is continually lost.
1 It can be shown more generally that the two models will give the same shock position whenever u ± and η ± are constant with η + = η − , i.e. with spout angle β = π/2. 2 In Howison et al. (2002) , this flow was shown to be relevant to the impact of a rectangular impactor on a quiescent layer. The impactor squeezed out fluid into the quiescent layer and the resulting interaction was modelled as a spout.
FIG. 5.
The solid line is the position x = X (t) = x s (t) of the singularity for the impact problem as predicted by the delta-shock conditions and is given by (2.40). The dashed line is the spout position x = X (t) = x sp (t) as given by (2.41).
Discussion
We will now make some conjectures concerning the relationship between delta shocks and discontinuities with loss based on the consideration of the full 2D Euler equations in the (x, z)-plane for the symmetric impact problem. Assuming potential flow, in which the velocity potential φ has been made dimensionless with U h, x and z with h, and t with h/U , and in the absence of vortex sheets, we have to solve
where η may well be multi-valued, with
44)
The initial conditions are appropriate to the jet collision problem under discussion. Hence, over this time-scale, we have an 'unsteady Helmholtz flow' for which, as discussed in King & Needham (1994) , even the small-time solution is very complicated. Nonetheless, we anticipate that this solution will describe the growth of a vertical column of liquid centred near the initial impact point and that, as t → ∞ with F = ∞, the flow will tend to a steady Helmholtz flow in a frame moving with the spout. However, we expect gravitational effects to become important at the apex of the column at dimensional times of O(U/g), i.e. when, in (2.42-2.45), t ∼ O(F 2 ).
The column may be modelled as a vertical thin jet of water along which gravity acts. It occupies the region −H (z, t) < x < H (z, t), z 1, in which H and the vertical velocity w(z, t) satisfy 47) with matching to the Helmholtz flow at the base (see Fig. 6a ). Rescaling via z = F 2 Z and t = F 2 T , we retrieve the same equations with −1/F 2 replaced with −1, and with w = 1, H = 1 at Z = 0 for T > 0 (T = 0 being the initial collision time of the jets on this scale). The solution is
the first of which states that the fluid travels ballistically and the second that, as it travels up, it 'fills' the space between the fixed curves x = ±1/ √ 1 − 2Z (the discontinuity at the top of the jet, Z = T − 1 2 T 2 , is a classical shock satisfying the Rankine-Hugoniot conditions for (2.46)).
As the jet nears the top of its trajectory at time T = 1 and Z = each end (Fig. 6b) . By the end of Section 3, we will be able to present a model for the collapse of the spout but here we simply note that if the collapse does generate such a central core, this core can, when viewed from sufficiently far away, be considered as a delta shock. We remark that this scenario is qualitatively similar to some of the predictions of the numerical calculations by Anderson et al. (1990) . However, these authors make the cautionary comment that a wild variety of shapes can occur depending on the initial conditions.
Uphill shallow water flows
We now return to the modelling of flow over a non-horizontal base, and in particular on an inclined plane as illustrated in Fig. 2 . If the slope of the base is sufficiently small, specifically of O(δ), where δ is the aspect ratio of the layer, then, with F = O(1), the flow may be described by the traditional model for shallow water flow on a sloping base (Carrier & Greenspan, 1958; Stoker, 1957) . If, however, the slope of the base exceeds O(δ), then shallow water flow can only be sustained if it is fast enough that the Froude number is large. In this regime, we show that it is possible for a new type of discontinuity to form, consisting of a small tube of fluid bounding the flow, as seen in Fig. 2 . Our objective in this section is to find a realistic model for this tube, 3 and we will concentrate on the specific problem of a point source flow, as shown in Fig. 2 .
Uphill flows have a characteristic length scale independent of the initial conditions, namely, the maximum distance the fluid can travel up the plane under the action of gravity, i.e. U 2 /2g sin γ , where γ is the slope of the plane. Within the framework (2.42-2.45) and using the notation of Fig. 2 , it is now more appropriate to scale the horizontal and uphill distances x and y with 4 L = U 2 /g sin γ , the potential with U L, the time with L/U and z, the distance perpendicular to the plane, with h. Then, we obtain
on z = η(x, y), where η 0 is a reference level, and
We will consider the steady problem of a point source with no directivity at x = y = 0, as shown in Fig. 2 . To lowest order, we see that φ ∼ φ(x, y) + O(δ 2 ) where 1 2
(conservation of energy) and then mass conservation is expressed as
Equations (3.5) and (3.6) may be written in conservation form as
where we have introduced u = ∂φ/∂ x, v = ∂φ/∂ y and ∇ = (∂/∂ x, ∂/∂ y).
We note that this model can be generalized to hypercritical flows over curved surfaces as in Rienstra (1996) ; on a curved surface, ∇ is interpreted as the surface gradient operator, while (3.8) and (3.9) become
where a ⊗ b is the tensor product of the vectors a and b and k is the unit vertical vector. Note that in this case we take L as the radius of curvature of the surface. Care has to be taken to ensure that the layer does not separate from the substrate as it is now possible for the pressure at the bottom of the fluid layer to become negative. This occurs when the centrifugal force induced by the curvature of the surface overcomes gravity, i.e. when |u| 2 κ > k•n, where κ is the normal curvature of the surface in the direction u and n is the unit normal of the surface. The eikonal equation (3.5) may be solved by Charpit's method. The characteristics, which are the particle paths, are parametrized by τ as
where p 0 and q 0 are the values of ∂φ/∂ x and ∂φ/∂ y on each particle path at τ = 0. For the point source, we take p 0 = sin θ and q 0 = cos θ , where θ parametrizes the streamlines and θ = 0 on x = 0, y > 0; (3.11) and (3.12) then give the velocity as Equation (3.6) for η can be rewritten as Recalling that what we see in Fig. 2 is a fast thin sheet bounded by a small tube of fluid with no fluid beyond it, we will now idealize the tube as a line condensation to which mass and momentum are continually added from the sheet and along which there are mass and momentum fluxes. It forms a bounding discontinuity in the flow whose position must be determined by appropriate free boundary conditions. In Section 3.1, we will use the idea of delta shocks for the degenerate hyperbolic system (3.7-3.9) to determine the position of this tube, showing that the presence of the tube causes a significant decrease in the maximum distance up the slope attained by the layer as it flows uphill compared with the distance U 2 /2g sin γ of the apex of the caustic.
Modelling a mass tube as a delta shock
The equations to be solved are (3.7-3.9). We write the mass tube Γ as y = y m (x). We also assume that the surface is dry in y > y m (x). Referring to flow in the mass tube and a normal n m into the tube from the sheet, and measure the arc length s along the tube from x = 0 in the direction of t m . We model the mass tube as a delta shock and introduce a delta function supported on Γ , which we denote by δ Γ , into the film thickness and into the film mass and momentum fluxes. Thus, following (2.2-2.4), we replace η by the distribution 17) and ηu, ηuu and ηvu by the distributions 20) respectively, where H Γ is a Heaviside function that is unity in y < y m (x), e x,y are unit vectors in the x and y directions, respectively, and (3.18-3.20) are defined in a distributional sense by their scalarproduct action on a vector-valued test function. The weight A(s) can be interpreted as the area of cross section of the tube, while M(s) and E(s) can be interpreted as the mass and momentum fluxes along the tube, respectively, and so M 2 = E A. Using the expressions (3.17-3.20), the delta-shock conditions for this steady flow may be derived rigorously by a measure theoretic argument. However, we can use a similar argument to that of Section 2.1 and substitute (3.17-3.20) into (3.7-3.9) . Interpreting the divergence of (3.18-3.20) in a distributional sense, this gives the delta-shock conditions as (3.22) here, η − denotes the depth in the sheet evaluated at y = y ↑ y m (x), with the velocity u − similarly defined. The mass conservation equation (3.21) tells us that all the fluid entering the tube is absorbed by it. The momentum equation (3.22) can be expressed in terms of its components in the tangential and normal directions t m and n m as 24) where (dt m /ds) • n m is the curvature of the tube; in (3.24), the centrifugal force due to the flow down the tube is balanced with the force exerted on the tube by the incoming sheet and gravity, while (3.23) represents the tangential momentum balance. We remark that if the surface is not planar, then we can again use the argument above to derive the delta-shock conditions. In this case, we substitute (3.17) and (3.18) into (3.7) and (3.10) but we must also replace ηu ⊗ u with 25) taking an appropriate distributional definition for the divergence of (3.25). We find that (3.21) and (3.22) still describe the position of the singularity, but with e y replaced by k. However, the vector d(Et m )/ds has a component in the direction of the normal to the surface n. Additionally, the gravitational body force −(M 2 /E)k has a component into the surface along n. Thus, we see that if
then there is a resultant force on the mass tube out of the surface, which may cause it to detach from the surface. In order to complete the solution for the point source flow, we must solve (3.21) and (3.23-3.24) with the outer solution being given in terms of the ray variables θ and τ . We thus represent the mass tube by τ = τ m (θ). The velocities are u − = u(τ m (θ), θ ), v − = v(τ m (θ ), θ) and η − = η(τ m (θ), θ) as given by (3.13), (3.14) and (3.16) and we introduce, with a slight abuse of notation, Assuming that the mass flux is zero at the highest point of the flow, (3.28) has the exact solution M(θ) = θ , and we need only to solve (3.29) and (3.30) for E(θ) and τ m (θ ).
It would be natural to assume that the highest point of the tube is at the top of the caustic, i.e. at y = 1 2 , but it can be shown via a local expansion that this implies a contradiction. Thus, instead we let τ m (0) = τ 0 with τ 0 , which is expected to be less than unity, to be determined as part of the local solution. We expand τ m and E as E ∼ m 0 θ 2 + m 1 θ 4 + • • • , (3.31) 32) for small θ , where the forms of these expansions are determined by the symmetry of the mass tube about x = 0 and from a consideration of the possible expansions of (3.29) and (3.30). Equating powers of θ in the expansions of (3.29) and (3.30), we find that τ 0 = 1/3, m 0 = 1/2, τ 1 = 23/234 and m 1 = 5519/109 512. In x, y coordinates, this gives the start of the tube as (0, 5/18) rather than (0, 1/2). We can now use this local solution to provide the initial conditions for solving (3.28-3.30 ) by a fourth-order Runge-Kutta method, and the result is plotted in Fig. 9 (incidentally, the solution is not a parabola), in which the characteristics of (3.5) are also plotted for comparison. The tube lies below the envelope of characteristics and represents the bounding curve for the fluid with the surface dry above it.
The shape of the mass tube we have calculated is qualitatively similar to the mass tube of Fig. 2(a) , but calculations based on rough measurements in this kitchen-sink experiment suggest that the rise is about 1 3 of that predicted by our theory. Viscous drag is a plausible candidate to account for the shortfall, and we briefly consider its effects. We suppose that a jet of radius a impinges normally with speed U on a vertical plate and estimate some orders of magnitude for various properties of the flow. For our experiment, U is about 1.8 m s −1 and a = 2 × 10 −3 m with ν ∼ 10 −6 m 2 s −1 ; thus at a distance O(a) from the jet, the Reynolds number is U a/ν ∼ O(10 3 ) and the Froude number is U/ √ ga ∼ O(10).
Hence, the theory described in this paper applies to this flow. Now, we move away from the jet to a FIG. 9 . The solid line corresponds to the solution of the mass tube equations (3.28-3.30). The dotted lines are the characteristics of the flow as calculated from (3.5). The mass tube is the physical bound for the fluid with the surface dry above it.
